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Abstract
A map X on a surface is called vertex-transitive if the automorphism group of X
acts transitively on the set of vertices of X . If the face-cycles at all the vertices in a
map are of same type then the map is called semi-equivelar. In general, semi-equivelar
maps on a surface form a bigger class than vertex-transitive maps. There are semi-
equivelar toroidal maps which are not vertex-transitive. In this article, we show that
semi-equivelar toroidal maps are quotients of vertex-transitive toroidal maps. More
explicitly, we prove that each semi-equivelar toroidal map has a finite vertex-transitive
cover. In 2019, Drach et al. have shown that each vertex-transitive toroidal map has a
minimal almost regular cover. Therefore, semi-equivelar toroidal maps are quotients of
almost regular toroidal maps.
MSC 2010 : 52C20, 52B70, 51M20, 57M60.
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1 Introduction
Here all the maps are polyhedral maps on surfaces. Thus, a face of a map is an n-gon for
some integer n ≥ 3 and intersection of two intersecting faces is either a vertex or an edge.
Maps on the sphere and the torus are called spherical and toroidal maps respectively. For
two maps X, Y , a surjection η : Y → X that preserves adjacency and sends vertices, edges
and faces of Y to vertices, edges and faces of X respectively is called a polyhedral covering
(or, in short, covering). Clearly, if η : Y → X is a covering then X is a quotient of Y . An
isomorphism is an injective covering. We identify two maps if they are isomorphic.
The faces containing a vertex u in a map M form a cycle (the face-cycle at u) Cu in the
dual graph Λ(M) ofM . Clearly, Cu is of the form (F1,1- · · · -F1,n1)- · · · -(Fk,1- · · · -Fk,nk)-F1,1,
where Fi,j is a pi-gon for 1 ≤ j ≤ ni and pi 6= pi+1 for 1 ≤ i ≤ k (addition in the suffix is
modulo k). We say that the vertex-type of u is [pn1
1
, . . . , pnkk ]. (We identify [p
n1
1
, . . . , pnkk ] with
[pnkk , . . . , p
n1
1
] and with [pn2
2
, . . . , pnkk , p
n1
1
].) A map M is called semi-equivelar if vertex-types
of all the vertices are same.
A semi-regular tiling of a surface S of constant curvature is a semi-equivelar map on
S in which each face is a regular polygon and each edge is a geodesic. An Archimedean
tiling of the plane R2 is a semi-regular tiling of the Euclidean plane. In [5], Gru¨nbaum
and Shephard showed that there are exactly eleven types of Archimedean tilings of the
plane. The vertex-types of these maps are [36], [44], [63], [34, 61], [33, 42], [32, 41, 31, 41],
[31, 61, 31, 61], [31, 41, 61, 41], [31, 122], [41, 61, 121], [41, 82] respectively. Clearly, the quotient
of an Archimedean tiling of the plane by a discrete subgroup of the automorphism group of
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the tiling is a semi-equivelar map. This way we get eleven types of semi-equivelar toroidal
maps. From [2], we know the following converse.
Proposition 1. Each semi-equivelar toroidal map is (isomorphic to) a quotient of an
Archimedean tiling of the plane.
Thus each semi-equivelar toroidal map is isomorphic to a semi-regular tiling of the flat
torus. A map M is said to be vertex-transitive if the automorphism group Aut(M) acts
transitively on the set V (M) of vertices of M . Clearly, vertex-transitive maps are semi-
equivelar. There are infinitely many vertex-transitive toroidal maps of each of the eleven
vertex-types. From [1, 2, 3], we know the following.
Proposition 2. (a) If the vertex-type of a semi-equivelar toroidal map X is [36], [63],
[44] or [33, 42] then X is vertex-transitive. (b) If [pn1
1
, . . . , pnk
k
] = [32, 41, 31, 41], [34, 61],
[31, 61, 31, 61], [31, 41, 61, 41], [31, 122], [41, 82] or [41, 61, 121] then there exists a semi-equivelar
toroidal map of vertex-type [pn1
1
, . . . , pnk
k
] which is not vertex-transitive.
We know that boundary of the pseudo-rhombicuboctahedron is a semi-regular spher-
ical map of vertex-type [43, 3]. Since the sphere S2 is simply connected, this map has
no vertex-transitive cover. Since the Archimedean tilings are vertex-transitive maps, each
semi-equivelar toroidal map has vertex-transitive universal cover. Here we prove
Theorem 3. If X is a semi-equivelar toroidal map then there exists a covering η : Y → X
where Y is a vertex-transitive toroidal map.
Thus, semi-equivelar toroidal maps are quotients of vertex-transitive toroidal maps.
Since semi-equivelar maps on the Klein bottle are quotients of semi-equivelar toroidal maps,
it follows from Theorem 3 that semi-equivelar maps on the Klein bottle are quotients of
vertex-transitive toroidal maps.
A flag in a map M is a triple (v, e, f), where f is a face of M , e is an edge of f and v is
a vertex of e. A map X is called regular if Aut(X) acts transitively on the set of flags of X.
Not all Archimedean tilings are regular. A semi-equivelar toroidal map X is called almost
regular if it has the same number of flag orbits under the action of its automorphism group
as the Archimedean tiling X˜ of the plane of same vertex-type has under the action of its
symmetry group. From [4], we know
Proposition 4. If Y is a vertex-transitive toroidal map then there exists a covering ξ :
Z → Y where Z is an almost regular toroidal map.
As a consequence of Theorem 3 and Proposition 4 we get
Corollary 5. If X is a semi-equivelar toroidal map then there exists a covering µ : Z → X
where Z is an almost regular toroidal map.
2 Proof of Theorem 3
The seven diagrams in Figures 1, . . . , 4 represent seven Archimedean tilings of the plane.
These diagrams are from [1, 2]. We have included these for the following proof.
Proof of Theorem 3. For 1 ≤ i ≤ 7, let Ei be the Archimedean tiling given in Figures
1 . . . , 4. Let Vi = V (Ei) be the vertex set of Ei. Let Hi be the group of all the translations
of Ei. So, Hi ≤ Aut(Ei).
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Let X be a semi-equivelar toroidal map. If the vertex-type of X is [36], [63], [44] or
[33, 42] then, by Proposition 2, X is vertex-transitive and there is nothing to prove.
Case 1. Assume that the vertex-type of X is [41, 82]. By Proposition 1, we can assume that
X = E1/K1 for some subgroup K1 of Aut(E1) and K1 has no fixed element (vertex, edge or
face). Hence K1 consists of translations and glide reflections. SinceX = E1/K1 is orientable,
K1 does not contain any glide reflection. Thus K1 ≤ H1. Let η1 : E1 → X = E1/K1 be the
canonical covering. We take origin (0, 0) to be the middle point of the line segment joining
vertices u0,0 and u1,1 of E1 (see Fig. 1 (a)). Let A1 := u1,0 − u0,0, B1 := u0,2 − u0,0 ∈ R
2.
Then H1 = 〈α1 : z 7→ z +A1, β1 : z 7→ z +B1〉.
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(b): Snub square tiling E2
Figure 1
Let ρ1 be the function obtained by 90 degrees anticlockwise rotation. Then ρ1 ∈ Aut(E1)
and ρ1(A1) = B1 and ρ1(B1) = −A1. Consider the group (≤ Aut(E1))
G1 := 〈α1, β1, ρ1〉.
Clearly, vertices of E1 form fourH1-orbits. These are Orb(u0,0) = Orb(u1,0), Orb(v1,0) =
Orb(v1,1), Orb(u0,1) = Orb(u1,1) and Orb(v0,0) = Orb(v0,1). Since ρ1(u1,0) = v1,1, ρ1(v1,1) =
u0,1, ρ1(u0,1) = v0,0, it follows that the vertices of E1 form one G1-orbit. So, G1 acts vertex-
transitively on E1.
Since K1 ≤ H1, it follows that K1 = 〈γ1 : z 7→ z + C1, δ1 : z 7→ z + D1〉, where
C1 = aA1 + bB1 and D1 = cA1 + dB1, for some a, b, c, d ∈ Z.
Claim 1. There exists a factor m of |ad− bc| such that L1 := 〈α
m
1 , α
m
2 〉 ≤ K1.
Since E1/K1 is compact, C1 and D1 are linearly independent. Therefore, there exists
r, s, t, u ∈ Q such that A1 = rC1 + sD1 and B1 = tC1 + uD1. Suppose, r = r1/r2,
s = s1/s2, t = t1/t2, u = u1/u2, where r1, r2, s1, s2, t1, t2, u1, u2 are integers and
r2, s2, t2, u2 > 0. (Also, if r 6= 0 then r1 and r2 are relatively prime. Similarly, for s, t, u.)
Let m := lcm{r2, s2, t2, u2}. Then mr,ms,mt,mu ∈ Z and mA1 = (mr)C1 + (ms)D1,
mB1 = (mt)C1 + (mu)D1. Therefore, α
m
1 (z) = z + mA1 = (γ
mr
1 ◦ δ
ms
1 )(z), β
m
1 (z) = z +
mB1 = (γ
mt
1 ◦δ
mu
1 )(z) and hence α
m
1 , β
m
1 ∈ K1. Observe that (r, s, t, u) =
1
ad−bc(d,−b,−c, a).
So, r2, s2, t2, u2 are factors of |ad− bc| and hence m is a factor of |ad− bc|. (Observe that m
is the smallest positive integer so that mr,ms,mt,mu are integers.) This proves Claim 1.
Since H1 is abelian, we have L1 EK1 EH1 ≤ G1 ≤ Aut(E1).
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Claim 2. L1 E G1.
For x, y ∈ R and p ∈ Z, (ρ1 ◦α
p
1
◦ ρ−1
1
)(xA1+ yB1) = (ρ1 ◦α
p
1
)(yA1− xB1) = ρ1((yA1 −
xB1)+pA1) = ρ1((p+y)A1−xB1) = (p+y)B1+xA1 = (xA1+yB1)+pB1 = α
p
2
(xA1+yB1).
Thus, ρ1 ◦α
p
1
◦ ρ−1
1
= αp
2
. Again, for x, y ∈ R, (ρ1 ◦ α
p
2
◦ ρ−1
1
)(xA1 + yB1) = (ρ1 ◦α
p
2
)(yA1 −
xB1) = ρ1((yA1− xB1) + pB1) = ρ1(yA1 + (p− x)B1) = yB1− (p− x)A1 = (xA1+ yB1)−
pA1 = α
−p
1
(xA1 + yB1). Thus, ρ1 ◦ α
p
2
◦ ρ−1
1
= α−p
1
. In particular, ρ1 ◦ α
m
1 ◦ ρ
−1
1
= αm2 ,
ρ1 ◦ α
m
2 ◦ ρ
−1
1
= α−m
1
∈ L1. Since α1 and α2 commute, these prove Claim 2. (If we take
p = 1, we get H1 E G1.)
By Claim 2, G1/L1 is a group. Since L1 E K1, X = E1/K1 is a toroidal map and L1
is generated by two independent vectors, it follows that Y := E1/L1 is a toroidal map and
v + L1 7→ v + K1 gives a (natural) covering η : Y → X. Since the action of G1 on E1 is
vertex-transitive, it follows that the action of G1/L1 on Y = E1/L1 is also vertex-transitive.
This proves the result when the vertex-type of X is [41, 82].
Case 2. Now, assume that the vertex-type of X is [32, 41, 31, 41]. We take (0, 0) as the
middle point of u0,0 and u1,1 of E2 and A2 = u2,0 − u0,0, B2 = u0,2 − u0,0 (see Fig. 1 (b)).
The result follows in this case by exactly same arguments as Case 1.
Case 3. Next assume that the vertex-type of X is [34, 61]. By Proposition 1, we can assume
that X = E3/K3 for some subgroup K3 of Aut(E3). By the similar arguments as above, K3
is a subgroup of H3 and η3 : E3 → X is a covering.
We take (0, 0) as the middle point of the line segment joining vertices u−1,0 and u1,0 of
E3 (see Fig. 2). Let A3 := u2,−1−u−1,0, B3 := u0,2−u−1,0, F3 := u−3,3−u−1,0 ∈ R2. Then
A3 + F3 = B3 and hence H3 = 〈α3 : z 7→ z +A3, β3 : z 7→ z +B3〉.
•
•
•
•
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Figure 2: Snub hexagonal tiling E3
Let ρ3 be the function obtained by 60 degrees anticlockwise rotation. Then ρ3 ∈ Aut(E3)
and ρ3(A3) = B3, ρ3(B3) = F3 and ρ3(F3) = −A3. Consider the group (≤ Aut(E3))
G3 := 〈α3, β3, ρ3〉.
Clearly, vertices of E3 form six H3-orbits. These are Orb(u1,0), Orb(u0,1), Orb(u−1,1),
Orb(u−1,0) , Orb(u0,−1) and Orb(u1,−1). Since ρ3(u1,0) = u0,1, ρ3(u0,1) = u−1,1, ρ3(u−1,1) =
u−1,0, ρ3(u−1,0) = u0,−1, ρ3(u0,−1) = u1,−1 (see Fig. 2), it follows that vertices of E3 form
one G3-orbit. So, G3 acts vertex-transitively on E3.
Since K3 ≤ H3, K3 = 〈γ3 : z 7→ z + C3, δ3 : z 7→ z +D3〉, where C3 = aA3 + bB3 and
D3 = cA3 + dB3, for some a, b, c, d ∈ Z.
Claim 3. There exists a factor m of |ad− bc| such that L3 := 〈α
m
3 , β
m
3 〉 ≤ K3.
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Since E3/K3 is compact, C3 and D3 are linearly independent. Therefore, there exists
r, s, t, u ∈ Q such that A3 = rC3 + sD3 and B3 = tC3 + uD3. As in the proof of Claim 1,
let m be the smallest positive integer such that mr,ms,mt,mu ∈ Z. Then m is a factor
of |ad − bc| and mA3 = (mr)C3 + (ms)D3, mB3 = (mt)C3 + (mu)D3. Thus, α
m
3 (z) =
z + mA3 = (γ
mr
3 ◦ δ
ms
3 )(z), β
m
3 (z) = z + mB3 = (γ
mt
3 ◦ δ
mu
3 )(z) and hence α
m
3 , β
m
3 ∈ K3.
This proves Claim 3.
Again, we have L3 EK3 EH3 ≤ G3 ≤ Aut(E3).
Claim 4. L3 E G3.
For x, y ∈ R, (ρ3 ◦α
m
3 ◦ρ
−1
3
)(xA3+ yB3) = (ρ3 ◦α
m
3 )(x(−F3)+ yA3) = (ρ3 ◦α
m
3 )(x(A3−
B3) + yA3) = (ρ3 ◦ α
m
3 )((x + y)A3 − xB3) = ρ3((x + y)A3 − xB3 + mA3) = ρ3((m +
x + y)A3 − xB3) = (m + x + y)B3 − xF3 = (m + x + y)B3 − x(B3 − A3) = (xA3 +
yB3) + mB3 = β
m
3 (xA3 + yB3). Thus, ρ3 ◦ α
m
3 ◦ ρ
−1
3
= βm3 ∈ L3. Again, for x, y ∈ R,
(ρ3 ◦ β
m
3 ◦ ρ
−1
3
)(xA3 + yB3) = (ρ3 ◦ β
m
3 )(x(−F3) + yA3) = (ρ3 ◦ β
m
3 )(x(A3 − B3) + yA3) =
(ρ3 ◦ β
m
3 )((x+ y)A3 − xB3) = ρ3((x+ y)A3 − xB3 +mB3) = ρ3((x+ y)A3 + (m− x)B3) =
(x+y)B3+(m−x)F3 = (x+y)B3+(m−x)(B3−A3) = (xA3+yB3)−mA3 = α
−m
3
(xA3+yB3).
Thus, ρ3 ◦ β
m
3 ◦ ρ
−1
3
= α−m
3
∈ L3. Since α1 and α2 commute, these prove Claim 4.
By Claim 4, G3/L3 is a group. Since L3 E K3, X = E3/K3 is a toroidal map and L3
is generated by two independent vectors, it follows that Y := E3/L3 is a toroidal map and
v + L3 7→ v + K3 gives a (natural) covering η : Y → X. Since the action of G3 on E3 is
vertex-transitive, it follows that the action of G3/L3 on Y = E3/L3 is also vertex-transitive.
This proves the result when the vertex-type of X is [34, 61].
• •
••
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(b): Rhombitrihexagonal tiling E5
Figure 3
Cases 4, 5, 6. By the same arguments the result follows when the vertex-type of X is
[31, 61, 31, 61], [31, 41, 61, 41] or [31, 122]. Here, X is a quotient of E4, E5 or E6 (given in
Figures 3 and 4). (Observe that vertices of E6 also form six H6-orbits.)
Case 7. Finally, assume that the vertex-type of X is [41, 61, 121]. By Proposition 1, we can
assume that X = E7/K7 for some subgroup K7 of Aut(E7). By the similar arguments, K7
is a subgroup of H7 and η7 : E7 → X is a covering. We take (0, 0) as the middle point of
u0,0 and u0,1 of E7 and A7 = u1,0 − u0,0, B7 = u0,2 − u0,0, F7 = u−1,2 − u0,0 (see Fig. 4
(b)). Then A7 + F7 = B7 and hence H7 = 〈α7 : z 7→ z +A7, β7 : z 7→ z + B7〉. By similar
argument as in Claim 3, there exists a factor m of |ad− bc| such that L7 := 〈α
m
7 , β
m
7 〉 ≤ K7.
Let ρ7 be the function obtained by 60 degrees anticlockwise rotation and let τ be the
reflection with respect to the line along the vector A7. Then ρ7, τ7 ∈ Aut(E3) and ρ7(A7) =
5
B7, ρ7(B7) = F7, ρ7(F7) = −A7, τ7(B7) = −F7, ρ7(F7) = −B7. Consider the group
G7 := 〈α7, β7, ρ7, τ7〉.
Clearly, vertices of E7 form twelve H7-orbits (represented by vertices of any 12-gon).
Therefore, vertices of E7 form two 〈α7, β7, ρ7〉-orbits. These are orb(x0,0) and orb(u0,1) (see
Fig. 4 (b)). Since τ7(u1,0) = x0,0, it follows that G7 acts vertex-transitively on E7.
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(a): Truncated hexagonal tiling E6
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(b): Truncated trihexagonal tiling E7
Figure 4
Claim 5. L7 E G7.
By same arguments as in the proof of Claim 4, ρ7◦α
m
7 ◦ρ
−1
7
= βm7 , ρ7◦β
m
7 ◦ρ
−1
7
= α−m
7
∈
L7. Since α7 and τ7 commute, τ7 ◦α
m
7 ◦ τ
−1
7
= αm7 ∈ L7. For x, y ∈ R, (τ7 ◦β
m
7 ◦ τ
−1
7
)(xA7+
yB7) = (τ7◦β
m
7 )(xA7+y(−F7)) = (τ7◦β
m
7 )(xA7+y(A7−B7)) = (τ7◦β
m
7 )((x+y)A7−yB7) =
τ7((x+ y)A7 + (m− y)B7) = (x+ y)A7 + (m− y)(−F7) = (x+ y)A7 + (m− y)(A7 −B7) =
(xA7+yB7)+mA7−mB7 = (α
m
7 ◦β
−m
7
)(xA7+yB7). Thus, τ7 ◦β
m
7 ◦τ
−1
7
= αm7 ◦β
−m
7
∈ L7.
Since α1 and α2 commute, these prove Claim 5.
By Claim 5, G7/L7 is a group. Since L7 E K7, X = E7/K7 is a toroidal map and L7
is generated by two independent vectors, it follows that Y := E7/L7 is a toroidal map and
v + L7 7→ v + K7 gives a (natural) covering η : Y → X. Since the action of G7 on E7 is
vertex-transitive, the action of G7/L7 on Y = E7/L7 is also vertex-transitive. This proves
the result when the vertex-type of X is [41, 61, 121]. This completes the proof.
Remark 6. Let X be a semi-equivelar toroidal map of vertex-type [41, 82] and let Y =
E1/L1 be as in the proof of Theorem 3. Then η : Y = E1/L1 → X = E1/K1 is an n-fold
cover, where n = [K1 : L1] = [H1 : L1]/[H1 : K1] = m
2/|ad − bc|. Since m is a factor
of |ad − bc|, it follows that n is a factor of m and hence a factor of |ad − bc|. If we take
A1 = (1, 0) and B1 = (0, 1) then the area of the parallelogram whose two adjacent sides
are aA1 + bB1 and cA1 + dB1 is |ad− bc|. Thus, |ad− bc| is the area of the surface (torus)
|E1/K1|. Similar facts are true for other semi-equivelar toroidal maps also. For 3 ≤ i ≤ 7,
if Ai and Bi are unit vectors then the area of the torus |Ei/Ki| is |ad− bc|×(the area of the
parallelogram whose two adjacent sides are Ai and Bi) =
√
3
2
|ad− bc|.
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Remark 7. For any positive integer r, let rKi := 〈α
rm
i , β
rm
i 〉. Then, by the similar ar-
guments, Yr := Ei/(rKi) is also a vertex-transitive cover of X in each of the seven cases.
Therefore, X has countably many vertex-transitive covers.
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